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ABSTRACT

Applying of the linearization method in nonlineanlynomial bicompartmental systems raises a fundaahen
problem: the linear model obtained is not usuadiglr The presented work shows by means of the mdddistance
functional introduced by Y. Cherruault that it isgsible to provide a characterization of a realesys A direct application

of earlier works allows us to give an approximatentification to the nonlinear system.
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INTRODUCTION

Compartmental analysis consists of studing the @&xgl of matter between two or several compartments.
This technique of modeling is commonly used intontéthematics. It is also found in other fields hemistry, physics
and even of the economy It is simple and quickBdeto mathematical relationships .The substantegbstudied is
divided into different "compartments" that we caefide mathematically as equivalent classes whielcharacterized by
the physical properties (physical, electrical oermiical states). These exchanges are shown in gheefil. Hebri and

Cherruault have solved the identification problefithe coefficients in the case where the exchasdiaéar

It is possible to adapt the method used i , whiHlbased on the linearization method to a nonlisgatem.
This method allows, as in the Michaelis-Menten eystto identify simply the exchange coefficients & nonlinear
polynomial compartmental system. However, it regmithat the obtained linear system be the repliGareal physical
situation, i.e. the corresponding compartmentakimahould be positive. In general, this conditisemot verified as in the
polynomial systems which we are interested here firbt aim of this paper is to show how to exptbi# measures made

on the initial system to characterize a linear nhaddeompliance with Physical reality.

A GENERAL DESCRIPTION OF THE LINEARIZATION METHOD

Let Bz € pe the nonlinear open bicompartmental system shinvigure 1
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Figure 1
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24 B. Hebri

We will denote by

X [0+ - R?

t - XT)=((t)x().
The state function associated with a compartmesysiem, that is we usexl(t) and X, (t) for the mass

Quantity of a certain substance to be studied goten compartment:l and 2 attime t ., respectively.

Our basic assumptions are the following:

The exchange from compartmeht to compartment j is governed by a Iavxhi (Xl, XZ)

The exchange from compartmértowards the outside is given by a Iakiexf’ (a=zl)

The balance of exchanges ( EZ] ) leads to the equations

{x;(t) —kix! (t) = by (. (t), %, (1)) + hy (x, (1), %, (¢)
%(t)= (4, (t). %, (t) - hy (4 (t). %, (t))

Denote by

F: R?2 ¢ R?
X, 0OR Fﬂ’l,quﬂOcl‘)’l,XzQ fzﬂ’l,Xz(}

The vector function, characterizing this exchargen:

ﬁal,XZQ,HkleX?,@/’hal,Xzal,Xzo

L, o OO, x O=Hh M, 0

So the nonlinear syster{SNL) is governed by the following differential problemith initial condition

X OOE A 00 W)
XQOHM®, 50

Where @, and a, are the substance quantities which are presg¢heinompartmentsl and 2 at the initial

instant.

Applying Taylor's formula, we obtain the followirtifferential system with initial condition that vean consider

as an approach of the differential nonlinear sysi{e?nl)
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Z00d Aw, a OXDFY, | J00

Z0O0H M, a0
Where(DF)(allaz) is the F-Jacobian matrix. Set
/
ple H@{/1‘9)(%M
=AY Al
J o E@i%az Z@%@
<, a0 BE#,30
Po1 H £
X % 52
(DF )(al,az) has the form:
£
DAY, “Pre SP12 P21
’ P12 21

Taking the following assumption

e@m,azoge@%azo

= = *0

Which will be explained later; we get

det(DF)(alyaz) - _aala_lkle(angaxi,az) - ahz((;(l'aZ)j %0,
2 2

We deduce that for any open system, there existéqaie couple@, &G € such that

F(al,ag):(oanl,az)cﬁ"lj

a,

Thus, the differential systeer- 2¢ pecomes

2 0=(0F)of 22

z(t)+a,-a,
2(0)=(a.a,)

By taking the scaling function:
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26 B. Hebri

v(o:(yl(t)Hzl(t)ml-aij

yz(t) Zz(t)+a2_a2
We may write the differential syste\‘z- 5 in the equivalent form:
{v' ()= (DF )., Y1)
¥(0)=(ay.a;)

The diﬁerentiaI(DF)( ) presents a formal compartmental matrix , so ystesn (2.7) can be interpreted

a,a,

(or at least formally) as a model governing exclesng a compartmental linear system ( that wilhbted as (SEiF;)))

(see figure 2)

P12

Figure 2
The nonlinear compartmental syster(SNL) is then "approached" by this linear model. Thebpgm of the
stability has been treated and resolvec{&ﬂ
POSITION OF THE PROBLEM
Two problems are inferred by this method:
* The associated exchange coefficients to the syaterof unknown signs,
» The obtained system is nonhomogeneous and undetir(an initial condition is unknown).
Study of the First Problem
Our aim is to study the identification of the padynial compartmental system of order + [
These compartmental systems are characterizduelfpitowing exchange nonlinear functidn
F: R® - R?
(X1' Xz) = F(X1' Xz) = (fl(xl’ Xz)' fz(xv Xz))’
Where

{ fl(xll Xz) = kleg Xlﬁ - klleaxf - klexla
fz(xi’ Xz) = k12X1aX§ - k21XgX1ﬂ
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In identification theory, we consider systems,eatywhich we stimulate by the injection of a qitgnta in one

compartment. This corresponds to consider theviatig differential homogeneous system:

X (t)=F(x(t)

X(0)=(a,0)

Preliminary Study

The differential ofF being

a-1
(DF )y = (akle;l _psl j with p,, possiblynegativeor zera
21

The system(S(_iF;)) is then reduced to the form shown in figure 3

P21

Ple

Figure 3

We are facing two major difficulties;p,, =0
+  The main coefficient p,, =0

*+ And p,, may be negative.

Under these conditions the linear system doescootespond to a real physical situation: there otrire
exchange between compartmeritsand2 ; consequently it is not identifiable. This modglidoes not present any interest.
Also the initial condition (a,O) seems inappropriate and incompatible with thedliization of the polynomial system.

We recommend the following solution: introducintf@mporisation” .

This solution consists in introducing an "adequ#enporization t"- (if it exists), i.e. “wait a moment “to make

it possible for the exchange to settle in the systés,(\r,_)) after injection of the quantitya in the main compartment,
then measure this compartment at this mometit . We consider only systems admitting a nonobvisahition

G QOX0C For t >t the system(S,(\‘P,_)) is then governed by the Cauchy problem:
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Which we can write in following equivalent vectarform:

{x'(t):FT(XT(t))

X"(t")=(a"b)

But the compartment 2 is not generally accessibleneasurements; therD is unknown. This involves a

supplementary difficulty. Thus w are brought tmsioler differential

(DF) = /Bkzlbaag_l _aklzag_lbﬂ _akleag_l akzlba_lag _/lezagbﬁ_l
(a Yb) aklzag_lbﬂ - ﬁkzlbaag_l ﬁklzagbﬁ_l - ak21ba_lag

In the neighborhood of a nonhomogeneous condiﬁaH, b)

FT(a,b) = (k8% —k,a%b” —k.a% , k,a2b” —k,b"a’)

The exchange coefficients in the syste(:SLm) are then given by:

_ -1, -1
P, = aklzag b? - ﬂkﬂba ag

_ -1 -1
Py = akzlba ag - ﬂklzagbﬂ (3.2)
P = ak,al™

Problem Analysis and Study

In the expressions ofp,,, and P, , the exchange coefficients klz,kzl , and the constants
a , [ characterise the system, consequently they arediigtants of the problem. Bu; and b depend on the choice

of t” so the signs of p;, and P21 depend on the choice ot” . For the system(SEiF;)) represents a measurable

physical reality; it is necessary to take b«P12 and P21 positive.

{pﬂ >0 - {aklzag - ,Bkzlba_ﬂag >0
P2 > 0 ak21ba—ﬂaé3 - ﬂﬁzag >0

This raises two questions

P>0
Py >0

* The first one is preliminary: is there a value &f, and b such that{
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» The second one is fundamental: knowing trat and b are connected and depend dn , are there values

satisfying the precondition?
The answer to the first question is provided g/ ftillowing proposition:

Proposition 3.1: There are values ofa; and b such that

{m>0
Py >0

If, and only if, @ > 3
Proof

Knowing that:

{pﬂ >0 - {aklzag - ,Bkzlba_ﬂag >0
Pz > 0 ak21ba—ﬂaé3 - ﬂﬁzag >0

set x=k,al and y=k,b"?a? (x> Gandy>0)

{p12>0 {ax—ﬁy>0
P»>0 [ay-px>0

So, it suffises to remark that : ir < 8 then the solutions set of the system

ax—-py>0
is empty.
ay- x>0
ax—-pL£y>0
If @ > [ then the solutions set of the syst iS not empty.
ay- x>0

Now, we will show that it is possible to choosedint” which iscompatible with a real system as soon as the

eigenvalues, corresponding to the compartmentalixpare negative. This result is obtained thamkthe minimization of

the functional J  introduced by Y. Cherruau[B]
Suppose that the main compartment of the sys(Sﬁ)) is measured at timetj 1<j<m.

This enables us to bring an answer to our secomrdtipm by considering one variand (iv.i,) of the functional
J that we define by
iP

J(il,ip)(:gll’:leijlli/lz):Z(X1(tj)‘(ﬁfeAItj + Ble’™ ))2 where :1<i <i j<m

1=l
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30 B. Hebri

Théoréme 3.1 Assume that the principal compartment of the system (S&T_)) is measured at times tj

l<j<sm.

If there exists a couple(ilm,ig) such that MinJ % i])(ﬁll,,ﬁ’zl,/ll,/]z) is reached for
1:7p

BEBY AL (Mindy (B B A A0)= 3y, (B2 BEALA))
Such that these values verify
A<0A<0, B 0,andB %0

Then the choicet"” = tij gives that
1

Pe =P P
(DF)(a ) ( P12 - p21j

(Where we have set a” = Xl(tD) and b= X, (tD) ), iscompartmental i.e.
P, >0 et p,y >0

Proof: Suppose that the coup(ié', i E)ex ists .Set” = tilD : Xl(tif)z a”and associate

(DF)( ) = “PeT P2 Pa , the compartmental matrix of the Iinear(SE-P)) with the initial
a”,b p12 _ p21 in

conditionX " (t D) = (aD, b)
We have

det(DF ) a b AD/‘D ple p21 and ple akle

we conclude simply thatp,, >0

Hebri and Cherruault have established[iﬁ] that:

(- 4) < pe < (%)
d

a
BU#0= p, = _?)'f’L P (1 + )
ple

It followes that: p;, > 0.

editor.bestjournals@gmail.com www.bestjournals.in



A Characterization of the Linear Approximation for the Nonlinear 31
Bicompartmental Polynomial System: Application in Farameters Identification

AN APPOXIMATION OF THE SYSTEM IDENTIFICATION (5"‘)/20)

Identification of the System (39?)

Through the scaling variables =t —t Y the system (S{:?) is governed by the differential system with liti

condition

{v‘ 5= ?T(YT ()

Y7(0) = (a”b)

The initial conditions are not completely deterndrgince b is unknown. We are exactly under identification

assumptions of theonhomogeneous linear compartmental systems with an unspecified initial condition cf. [6]

w@=%
2 (O) =b

The system (SE,F;)) is then identified as ir{6] , let us set

O_
Vi = P
V3 = P (4.1)
Oo_
VS - p21
ﬁlD BZ
And complete the partial measurement mat|:i§<Ij = 11D 12 by
B B
10 20
Bo= (ﬁl ] j “2)
1 10 20 .
B B
Asin [7]

One Appoximation of the Nonlinear System Identificéion (S,(\i))

The definitions of P12 and P21 (3.1) and the notations (4.1) make it possible tiewthe following algebraic

system (where the unknowns K12 , K21 and b)

ﬂ? H@’lz%b@gg’zlb@a@@
ﬂf 7] @’2117@1&%?5@’12%@17@1

To identify the coefficients(klz, k21) of the nonlinear systen(S,(\‘F,i)) one must first determinb
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ﬂlD 20
1 1
B B

the systemisidentified asin (4.1) , and the functional J; ; ) isminimized

Proposition:Let F’lD :( j be the matrix (4.2) corresponding with the system (SEIF;)) . Assume that

Then theinitial condition b isdetermined by

b a%qwff;@%@e
(4.4)

Proof: The system(4.3) allows to caIcuIatebV3Ij - aDI/ZIj .

b, zan, B ko %85 ek d°)
HE=ay, @0
HECAnE G =BG 0

And as a consequencd) = V—]'D[(a + ,8) (— A8 - A, 22'])+ aEVZD] =p~
3

Remark: V,E #0 and b# 0 ,temporization was introduced for this purpose.
10 2
B B
10 2
B B

identified by the relation (4.1) . If

Theorem: Let F’lD = ( j be the matrix of partial measurements associated with the system (Sﬂjn))

(g’ %o
0% S FEG 3 EH0
and
O &

.

Identifying the nonlinear system (S,(JE)) is approximated by

Then the identification of the nonlinear system (Sﬁi)) isidentified in a single way, moreover
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ke, @22 D
12
17 5@9%[7@
ky, @ 0B
f@ =@ OEp°

Proof: If a >/ we can approach the nonlinear compartmental mys(é,gi)) by the real linear model
P
(s)

If
@'a #0and A B 1 2W CHY

The system( (iF;)) is identified (cf [6]) b

{ v, = ak,al b’ - B,b’al™
o_ _ apRnp-1 a-1,p8
P ab” " +ak,b""aj

Knowing that b is determined by relatior(4.4) , the system(4.3) appears as a linear algebraic system of

unknown (klz’kZI) whose determinant note® is:

= (a2 —,82)(an5)”+/}_1 , D #0because > Sandb” %0 4.3)
Admits a unique solutior(klz, k21) which is
_ avya,+ Brsb
2 (a? - p?)afb™

. = avib+ pria,
2 (a2 - g2)afb™

The uniqueness of the solution is established imgtnod similar to that used in the systems of Mais-Menten
l6]
CONCLUSIONS

The nature of the polynomial systems involvesdtlpmblems

* The initial condition X(O) = (a,O) cannot be well adapted to the method of linetidra A temporistion is

essential to be reduced to the framework linedragstems.

e This temporization applies only to the class ofgbé/nomial systems defined fc O ¢
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The condition©@<* € involves a negative exchange coefficient in ihedrized compartmental system, so the

linearization method is inappropriate for solvihgstcase which remains open problem.
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